is an r-linearized polynomial. It is shown that z satisfies a q-linearized polynomial equation with coefficients in Fr. This result provides an explanation for numerous permutation polynomials previously obtained through computer search.
Introduction
Let p be a prime and F q1 , F q2 ⊂ F p , where F p is the algebraic closure of F p . A q 1 -linearized polynomial over F q2 is a polynomial of the form
We are interested in the following question. Let F r ⊂ F p and q = r m . Assume that z ∈ F p satisfies an equation where a i ∈ F q and f i ∈ F r [X] is q-linearized. Note that (1.1) is an r-linearized equation with coefficients in F q . Is it possible to derive from (1.1) a q-linearized equation with coefficients in F r ? Such an equation indeed exists and will be given in Section 2; see (2.3). The q-linearized equation (2.3) is concise in a determinant form. However, the expansion of the determinant invokes certain questions concerning permutations of Z m and partitions of m; these related questions will also be discussed in Section 2.
What is achieved is a transition from an r-linearized equation with coefficients in F q to a q-linearized equation with coefficients in F r . We mention that for the applications in the present paper and other possible applications elsewhere, a qlinearized equation with coefficients in F q would suffice. The advantage of a qlinearized polynomial f ∈ F q [X] over an r-linearized polynomial g ∈ F q [X] resides in a folklore in the study of finite fields. The conventional associate of f is a polynomial in F q [X] from which information about the roots of f can be easily extracted. On the other hand, the conventional associate of g is a skew polynomial over F q which is not as convenient to use as the counterpart of f . For more background of skew polynomials over finite fields, see [2, 5] .
. The folklore mentioned above is the following theorem which can be derived from [10, Theorems 3.62 and 3.65].
In Section 3, we use the result of Section 2 to answer certain questions arising from a recent study of permutation polynomials [3, 8] . For each integer n ≥ 0, let g n,q ∈ F p [X] be the polynomial defined by the functional equation c∈Fq (X + c) n = g n,q (X q − X). The study in [3, 8] aims at the determination of the triples (n, e; q) of positive integers for which g n,q is a permutation polynomial (PP) of F q e . When n is related to q and e in certain ways, the result of Section 2 combined with Theorem 1.1 produces sufficient conditions for g n,q to be a PP of F q e . These conditions explain numerous findings from the computer searches in [3] .
r-Linearized and r m -Linearized Equations
Let p be a prime, F r ⊂ F p and q = r m . Let R q denote the set of all q-linearized polynomials over F q . (R q , +, •) is a commutative ring, where + is the ordinary addition and • is the composition. The mapping that sends f ∈ R q to its conventional associate f is a ring isomorphism from R q to F q [X]. Throughout the paper, the i-fold composition of a polynomial f is denoted by f [i] while f i stands for the ith power of f .
Assume that for 0
Theorem 2.1. In the above notation, assume that z ∈ F p satisfies the equation
Then we have
where det M is a q-linearized polynomial over F r .
Proof. Raise the left side of (2.2) to the power of r j , 0 ≤ j ≤ m − 1, and express the results in a matrix form. We have
Label the rows and columns of M from 0 through m − 1. Let M 0 be the submatrix M with its 0th column deleted, and, for 0 ≤ i ≤ m − 1, let M i,0 be the submatrix of M 0 with its ith row deleted. Put
Combining (2.4) and (2.5) gives
The claim that the coefficients of det M are all in F r will be proved shortly; see (2.11) and (2.12).
For i, j ∈ {0, . . . , m − 1}, define
where the subscripts are taken modulo m. Let Sym(Z m ) denote the group of all permutations of Z m . We have
µm−1 denote the multiset consisting elements 0, . . . , m − 1 with respective multiplicities µ 0 , . . . , µ m−1 . If there exists σ ∈ Sym(Z m ) such that
(In fact, the converse is also true; see Remark 2.2.) Let (2.7)
Thus we can rewrite (2.6) as
(2.11) and (2.12) imply that c r µ0···µm−1 = c µ0···µm−1 , i.e., c µ0···µm−1 ∈ F r . Remark 2.2. In fact, S (µ0,...,µm−1) = ∅ for all (µ 0 , . . . , µ m−1 ) ∈ M. This follows immediately from the following result by M. Hall.
Theorem 2.3 ([6]
). Let A be a finite abelian group and f : A → A a function. f can be represented as a difference of two permutations of A if and only if x∈A f (x) = 0.
We conclude this section with the explicit expansion of det M for 1 ≤ m ≤ 5. For simplicity, we write 
Therefore, it suffices to show that gcd(det M c , S e ) = X. We have
and by Theorem 1.1, gcd(det M c , S e ) = X.
3.2.
The polynomial g n,q . Let p = char F q . For each integer n ≥ 0, there is a polynomial g n,q ∈ F p [X] defined by the functional equation
The polynomial g n,q was introduced in [7] , and its permutation property was studied in [3, 8] . The objective is to determine the triples (n, e; q) of positive integers for which g n,q is a PP of F q e , and this question, as a whole, appears to be difficult. For each integer a ≥ 0, define S a = X + X q + · · · + X q a−1 . The polynomial g n,q is related to S a by the following lemma.
Lemma 3.2.
(i) ([3, Eq. (3.5)]) For integers n ≥ 0 and a ≥ b ≥ 0, we have
(ii) ([4, Lemma 2.2]) Let n = 1 + q a1 + · · · + q aq+t , where −1 ≤ t ≤ q − 4 and a 1 , . . . , a q+t ≥ 0. Then
3.3. Applications to g n,q . We call a triple of positive integers (n, e; q) desirable if g n,q is a PP of F q e . Computer searches for desirable triples with small values of q and e were conducted in [3, 8] ; the results for q = 4 and e ≤ 6 were given in [3, Table 3 ]. Proposition 3.1 provides an explanation for several entries of [3, Table 3 ]; in each case, a new class of PPs is discovered. 
If gcd(e, 2k) = 1 and a = k or b = k, then g n,q is a PP of F q e .
Proof. Eq. 
Hence (ii) is satisfied with
We have
Since gcd(e, 2k) = 1, gcd(det A c , (X e − 1)/(X − 1)) = 1, and hence (iii) is also satisfied.
The proofs of the next three propositions are similar to that of Proposition 3.3. For these proofs, we only give f , f c,i , a c,i , b c and det A c and leave the details for the reader. If 2 | e and gcd(e, 2a + 1) = 1, then g n,q is a PP of F q e .
Proposition 3.5. Let q = 4 and n = 1 + 2q 1 + 2q e−1 + 2q e+1 , where e > 1 is an integer. Then
If e is odd, then g n,q is a PP of F q e .
Proof.
Proposition 3.6. Let q = 4 and n = 1 + 2q
, where e is a positive integer. Then
If 2 | e but 3 ∤ e, then g n,q is a PP of F q e .
Proposition 3.7. Let q = 4 and n = 1 + 2q 2 + q 4 + q e + 2q e+2 , where e is a positive integer. Then If 2 | e but 5 ∤ e, then g n,q is a PP of F q e .
Examples of Propositions 3.3 -3.7 provide explanations for several entries in [3, Table 3 ]; an update of the table is included in the apendix of the present paper.
By Proposition 3.3:
q = 4, e = 5, n = 17681 = 1 + q 2 + q 4 + q 5 + q 7 .
By Proposition 3.4: q = 4, e = 4, n = 2317 = 1 + 3q 1 + q 4 + 2q 5 ; q = 4, e = 6, n = 135217 = 1 + 3q 2 + q 6 + 2q 8 .
By Proposition 3.5: q = 4, e = 5, n = 8713 = 1 + 2q 1 + 2q 4 + 2q 6 .
By Proposition 3.6: q = 4, e = 4, n = 2377 = 1 + 2q 1 + q 3 + q 4 + 2q 5 .
By Proposition 3.7:
q = 4, e = 6, n = 135457 = 1 + 2q 2 + q 4 + q 6 + 2q 8 .
Remark 3.8. The statements in the above propositions can be made more general when they are not restricted to the class g n,q . For example, Propositions 3.5 and 3.6 allow the following generalizations whose proofs require no additional work.
• A generalization of Proposition 3.5: Let q = 4 and f = S a + X 2 S 2 e + S • A generalization of Proposition 3.6: Let q = 4 and f = S a + S b + S e + X 2 S 
